Let X be a 2n-dimensional torus manifold with a locally standard T ∼ = S 1 n action whose orbit space is a homology polytope. Smooth complete complex toric varieties and quasitoric manifolds are examples of torus manifolds. Consider a principal T -bundle p : E → B and let π : E(X) → B be the associated torus manifold bundle. We give a presentation of the singular cohomology ring of E(X) as a H * (B)-algebra and the topological K-ring of E(X) as a K * (B)-algebra with generators and relations. These generalize the results in [17] and [19] when the base B = pt. These also extend the results in [20] , obtained in the case of a smooth projective toric variety, to any smooth complete toric variety. c 2019 Mathematical Institute Slovak Academy of Sciences 2010 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n : Primary 55N15, 57S25. K e y w o r d s : torus manifold bundles, cohomology, K-theory.
Introduction
A torus manifold is a 2n-dimensional manifold acted upon effectively by an n-dimensional compact torus with non-empty fixed point set. Smooth complete complex toric varieties and quasitoric manifolds are examples of torus manifolds. The notion of torus manifolds was introduced by A. Hattori and M. Masuda in [14] . In [17] M. Masuda and T. Panov studied relationships between the cohomological properties of torus manifolds and the combinatorics of their orbit spaces. The topological K-ring of the torus manifolds with locally standard action and orbit space a homology polotope was described by P. Sankaran in [19] .
Let p : E → B be a principal bundle with fibre and structure group the complex algebraic torus T ∼ = (C * ) n over a topological space B. For a smooth projective T-toric variety X, consider the toric bundle π : E(X) → B, where E(X) = E × T X, π([e, x]) = p(e). In [20] , the authors describe the singular cohomology ring of E(X) as a H * (B)-algebra. Furthermore, when B is compact Hausdorff, they describe the topological K-ring of E(X) as a K * (B)-algebra.
In this paper we consider p : E → B to be a principal bundle with fibre and structure group the compact torus T ∼ = S 1 n . We assume that B has the homotopy type of a finite CW complex so that H * (B) and K * (B) are finitely generated abelian groups. Without loss of generality, we further assume that B is compact and Hausdorff. Let X be a 2n-dimensional torus manifold with a locally standard action of T such that the orbit space Q := X/T is a homology polytope. We call the associated bundle π : E(X) → B a torus manifold bundle, where E(X) = E × T X. In Theorem 3.3 we give a presentation of the singular cohomology ring of E(X) as a H * (B)-algebra. A presentation of the topological K-ring K * (E(X)) as a K * (B)-algebra is obtained in Theorem 4.7.
As an application, we describe the cohomology ring and K-ring of toric bundles for a smooth complete toric variety in Corollary 5.2 extending the results in [20] .
The method of proof for Theorem 3.3 exploits the known presentation of the cohomology ring [17: Corollary 7.8] when the base B is a point. Applying the Leray-Hirsch theorem in cohomology we first prove that H * (E(X)) is a free module over H * (B) of rank χ(X). Then we construct a surjective H * (B)-algebra homomorphism from R(B, (Q, Λ)) (see Definition 3.1) to H * (E(X)). Here Λ denotes the characteristic map of the torus manifold (see Section 2) . To verify that this algebra homomorphism is injective, we recall from [17] that the equivariant cohomology ring which is isomorphic to the face ring of Q, is a free H * (BT )-module of rank χ(X), where BT denotes the classifying space of principal T -bundles. We then canonically extend the scalars of the face ring to H * (B) and use that it is a finitely generated abelian group to conclude injectivity.
Similarly, the method of proof for Theorem 4.7 exploits the known presentation of the topological K-ring [19: Theorem 5.3] when the base B is a point. Applying the Leray-Hirsch theorem in Ktheory we first prove that K * (E(X)) is a free module over K * (B) of rank χ(X). Then we construct a surjective K * (B)-algebra homomorphism from R(B, (Q, Λ)) (see Definition 4.5) to K * (E(X)). Let M := Hom(T, S 1 ) denote the character lattice of T and RT := Z[χ u : u ∈ M ] the ring of finite dimensional complex representations of T . In Proposition 4.4 we show that the K-theoretic face ring of Q denoted by K(Q) (see Definition 4.1) is a free RT -module of rank χ(X), using methods similar to [24] and [3] in the setting of smooth toric varieties. We then canonically extend the scalars of K(Q) to K * (B) and use that it is a finitely generated abelian group to conclude injectivity. In the case of a smooth complete toric variety, the K-theoretic face ring is in fact isomorphic to the algebraic T-equivariant K-ring [24: Theorem 6.4]. The authors believe that the topological equivariant K-ring of any T -torus manifold is isomorphic to the K-theoretic face ring but could not find it in literature. We prove this statement for a quasitoric manifold in a parallel work [7] .
In Section 6 we consider a torus manifold X with a locally standard action of T such that X/T is not necessarily a homology polytope but only a face-acyclic nice manifold with corners (see Section 2 for the definition). The equivariant cohomology ring as well as the ordinary cohomology ring of X have been described by Masuda and Panov in [17: Theorem 7.7, Corollary 7.8] . Let E(X) −→ B be the bundle with fiber X associated to the principal T -bundle over a topological space B which is of the homotopy type of a finite CW complex. We generalize [17: Corollary 7.8] to give a presentation H * (E(X)) as a H * (B)-algebra in Theorem 6.1. Similar to Theorem 3.3 we prove this by using the Leray-Hirsch theorem and the known presentation of H * T (X) as a H * (BT )-algebra [17: Theorem 7.7]. We finally conjecture a similar presentation for K * (E(X)) as a K * (B)-algebra. We note that difficulties arise in extending the result to this setting especially because the cohomology ring H * (X) is not generated in degree 2.
Notation and preliminaries
We recall some notation and preliminaries from [17] and [19] .
Torus manifolds
Let T ∼ = S 1 n denote the compact n-dimensional torus. A 2n-dimensional closed connected orientable smooth manifold X with an effective smooth action of T such that the fixed point set X T is non-empty, is called a torus manifold. Since X is compact it follows that X T is finite (see [18: Section 3.4], [5: Section 7.4]). A codimension-two connected submanifold is called a characteristic submanifold of X if it is pointwise fixed by a circle subgroup of T . Since X is compact, there are finitely many characteristic submanifolds, which we denote by V 1 , . . . , V d . It can be shown that each V i is orientable. We say that X is omnioriented, if an orientation is fixed for X and for every characteristic submanifold V i . We fix an omniorientation of X.
The T -action on the torus manifold X is said to be locally standard if it has a covering by T -invariant open sets U such that U is weakly equivariantly diffeomorphic to an open subset U ⊂ C n invariant under the standard T -action on C n . The latter means that there is an automorphism θ : T → T and a diffeomorphism g : U → U such that g(ty) = θ(t)g(y) for all t ∈ T , y ∈ U . Let Q := X/T be the orbit space and let Υ : X → Q be the projection map. If X is locally standard, then Q becomes a nice manifold with corners (see [17: Section 5.1 p. 724], [5: Definition 7.1.3]). We denote by Q i the image of V i under Υ for i = 1, . . . , d; these are the facets or the codimension one faces of Q. A codimension-k preface is defined to be a non-empty intersection of k facets for k = 1, . . . , n. The connected components of prefaces are called faces. We regard Q itself as a face of codimension zero. We say that Q is face-acyclic if all its faces are acyclic, i.e.H i (F ) = 0, for every i, for each face F of Q. We say that Q is a homology polytope, if Q is face-acyclic and all its prefaces are faces. This is equivalent to saying that Q is acyclic and all its prefaces are acyclic (in particular, connected). In this case the intersection of r facets Q i1 , . . . , Q ir is a codimension r face F of Q. Equivalently non-empty intersections of characteristic submanifolds are connected submanifolds of X. Unless otherwise specified, we shall assume henceforth that X is a locally standard torus manifold with Q a homology polytope. Note that, H * (X) is generated in degree two if and only if X is locally standard and Q is homology polytope (see [17: Theorem 8.3] ). For every characteristic submanifold V i , there is a primitive element v i ∈ Hom(S 1 , T ) ∼ = Z n determined up to sign, whose image is the circle subgroup fixing V i pointwise. The sign of v i is determined by the omniorientation. Define the characteristic map Λ :
The local standardness of X implies that the characteristic map Λ satisfies the following smooth condition: if Q i1 ∩ · · · ∩ Q i k is non-empty, then Λ(Q i1 ), . . . , Λ(Q i k ) is a part of a basis for the integral lattice Hom(S 1 , T ) ∼ = Z n . Moreover, under our assumption of local standardness and Q being a homology polytope, the manifold X is determined up to equivariant diffeomorphisms by the pair (Q, Λ) (see [17: Lemma 4.5] ). (1) Let T ∼ = (C * ) n be the algebraic torus, M = Hom(T, C * ) ∼ = Hom(T, S 1 ) be the character lattice, and let N = Hom(M, Z) be the dual lattice. Consider the smooth complete T-toric variety X = X(∆) corresponding to a fan ∆ in N R := N ⊗ Z R ∼ = R n under the action of the torus T. The orbit space of X under the action of the compact torus T (⊂ T) is the manifold with corners X ≥ , which is formed by gluing (U σ ) ≥ = Hom sg (σ ∨ ∩M, R ≥ ) (see [10: Section 4.1]). For each ρ ∈ ∆(1), let v ρ ∈ Hom(S 1 , T ) = N be the primitive ray generator of ρ. The characteristic submanifolds are given by the divisors D ρ for ρ ∈ ∆(1), these are fixed by the circle subgroups Image(v ρ ). In this case the characteristic map Λ is given by sending (D ρ ) ≥0 to v ρ . Since H * (X) is generated in degree two by [6: Theorem 10.8], X ≥ is a homology polytope.
(2) Another class of examples are quasitoric manifolds introduced by Davis and Januszkiewicz in [9] . By definition a quasitoric manifold is locally standard under the T -action and the orbit space is a simple convex polytope and hence a homology polytope.
Remark 2.2. In [22] , the author has constructed smooth complete toric varieties of complex dimension ≥ 4 whose orbit spaces by the action of the compact torus are not homeomorphic to simple polytopes (as manifolds with corners). These provide the first known examples of smooth complete toric varieties that are not quasitoric manifolds.
The following lemma is an equivariant version of 
where [V i ] denotes the cohomology class dual to V i and each L i admits an equivariant section
Since T is a compact Lie group we can assume that X is endowed with a T -invariant Riemannian metric (see [4: Chapter VI, Theorem 2.1]). Let ν denote the normal bundle to V in X. We have the decomposition
is naturally a T -equivariant real vector bundle. Furthermore, we see that ν is a canonically oriented real 2-plane bundle since T (V ) and T (X) | V are oriented by the choice of the omniorientation. Thus ν admits a reduction of structure group to SO(2, R) ∼ = S 1 giving ν the structure of a complex line bundle. Since T is a connected Lie group and ν is T -equivariant, T preserves the orientation under the linear action on the fibre. (Fixing an oriented basis for the R-vector space ν 
Remark 2.5. Note that in Lemma 2.3 we do not assume that Q is a homology polytope or even face-acyclic. It holds when Q is simply a nice manifold with corners.
Remark 2.6. Throughout this text by H * ( ) we shall always mean cohomology ring with Z-coefficients unless specified otherwise.
Cohomology ring and K-ring of torus manifolds
We now recall the presentation of the cohomology ring and K-ring of torus manifolds from [17] and [19] . 
Here m equals the number of vertices of Q.
. , x d ] generated by the following elements:
1 , . . . , y ±1 d ] generated by the following elements:
In Theorem 2.8, by making the transformation where the ideal I is generated by the following elements:
Cohomology ring of torus manifold bundles
Recall that the face ring Z[Q] of the homology polytope Q is defined to be Z[x1,...,x d ]
I1
where the ideal I 1 is generated by elements of the form We have a canonical H * (BT )-algebra structure on Z[Q] given by the ring homomorphism H * (BT ) →
is obtained by extending scalars to H * (B) via the homomorphism H * (BT ) → H * (B) that sends u to c 1 (ξ u ). The following is the main theorem of this section. P r o o f . Suppose that Q i1 ∩ · · · ∩ Q ir = ∅, which implies V i1 ∩ · · · ∩ V ir = ∅. So by Lemma 2.3, the bundle L i1 ⊕ · · · ⊕ L ir has a nowhere vanishing T -equivariant section. Hence by Remark 2.4, the bundle E(L i1 ) ⊕ · · · ⊕ E(L ir ) admits a nowhere vanishing section. This shows that
in H 2r (E(X)). Hence the elements listed in (i) of Definition 3.1 map to zero under Φ. Let L u be the trivial line bundle X × C u on X. Consider the associated line bundle ξ u := ET × T C u on BT . Note that ET × T L u is isomorphic to the pullback π * (ξ u ) where π is as in Remark 2.4. By the naturality of Chern classes
and by Remark 2.4, 
Taking first Chern classes on both sides of (3.6) we get
This implies that the generators of I listed in (ii) of Definition 3.1 map to zero under Φ, hence it is a well-defined ring homomorphism. By Theorem 2.7, there exist p i (x 1 , . . . ,
is free for all k, by the Leray-Hirsch theorem, (see [12: Theorem 4D.1)]) H * (E(X)) is a free H * (B)-module with P 1 , . . . , P m as a basis. Moreover, since Φ(x i ) = c 1 (E(L i )), each P i has a preimage under Φ. Hence by Lemma 3.2, Φ is a surjective H * (B)-module map between two free H * (B)-modules of the same rank. Furthermore, since H * (B) is a finitely generated abelian group, it follows that Φ is a surjective map from a finitely generated abelian group to itself, and hence an isomorphism. (More generally, a surjective morphism from a finitely generated module over a Noetherian commutative ring to itself is an isomorphism (see [2: Chapter 6, Exercise 1.(i)])).
K-ring of torus manifold bundles
Definition 4.1. The K-theoretic face ring of the homology polytope Q is defined to be K(Q) :=
where J 1 is the ideal generated by elements of the form
(4.1)
We show that K(Q) is a free RT -module in Proposition 4.4. We first set up the notation. Recall that v i ∈ Hom(S 1 , T ) determines the circle subgroup of T fixing V i for i = 1, . . . , d. Let V denote the set of vertices of Q and let a ∈ V. Write a = Q i1 ∩ · · · ∩ Q in as an intersection of facets. Then by [17: Proposition 3.3], the elements v i1 , . . . , v in form a basis of Hom(S 1 , T ). We set
where u i1 , . . . , u in denotes the dual basis of v i1 , . . . , v in . For any b ∈ V, denote by a ∨ b the minimal face of Q containing both a and b. If a ∨ b = Q, set RT a∨b = Z and the projection map RT a → RT a∨b to be the augmentation map. Otherwise when a ∨ b is a proper face, write a ∨ b = Q i1 ∩ · · · ∩ Q i l and set
Then we have the canonical projection map RT a → RT a∨b given by χ ui j → χ ui j for j = 1, . . . , l and χ ui j → 1 for j = l + 1, . . . , n.
The following lemma is analogous to [24: Theorem 6.4] in the setting of torus manifolds. We prove it along similar lines. 
Now consider the following cases:
(1) a, b / ∈ Q i : Then r ia = 1 = r ib , hence r a | a∨b = r b | a∨b .
(2) a / ∈ Q i and b ∈ Q i : Then r ia = 1 and r ib = χ ui . Note that under the restriction map
Hence we are done in this case.
(3) a, b ∈ Q i : Then r ia | a∨b = χ ui = r ib | a∨b and under the respective projection they map to the same image since i ∈ {i 1 , . . . , i l }.
This proves that r i ∈ W for 1 ≤ i ≤ d. We show that elements of W can be written as Laurent polynomials in r i 's. Set V = {a 1 , . . . , a m } and let α = (α ai ) ∈ W . Let a 1 = Q i1 ∩ · · · ∩ Q in , then α a1 ∈ RT a1 = Z[χ ±ui 1 , . . . , χ ±ui n ] and hence we can find a Laurent polynomial p 1 (y i1 , . . . , y in ) such that p 1 (r i1 , . . . , r in ) a1 = α a1 . Let α 1 := α − p 1 (r i1 , . . . , r in ). Then we see that α 1a 1 = 0. Now let a 2 = Q i1 ∩ · · · ∩ Q i l ∩ Q j l+1 ∩ · · · ∩ Q jn such that a 1 ∨ a 2 = Q i1 ∩ · · · ∩ Q i l . Similarly as above there is a Laurent polynomial p 2 (y i1 , . . . , y i l , y j l+1 , . . . , y jn ) such that p 2 (r i1 , . . . , r i l , r j l+1 , . . . , r jn ) a2 = α 1a 2 . Note that p 2 (r i1 , . . . , r i l , r j l+1 , . . . , r jn ) a1 = p 2 (χ ui 1 , . . . , χ ui l , 1, . . . , 1) whose projection to RT a1∨a2 remains unchanged, i.e. p 2 (r i1 , . . . , r i l , r j l+1 , . . . , r jn ) a1 = p 2 (r i1 , . . . , r i l , r j l+1 , . . . , r jn ) a1 | a1∨a2 .
(4.2)
Since α 1 ∈ W , α 1a 2 | a1∨a2 = α 1a 1 | a1∨a2 = 0. Moreover, p 2 (r i1 , . . . , r i l , r j l+1 , . . . , r jn ) ∈ W implies p 2 (r i1 , . . . , r i l , r j l+1 , . . . , r jn ) a1 | a1∨a2 = p 2 (r i1 , . . . , r i l , r j l+1 , . . . , r jn ) a2 | a1∨a2 = α 1a 2 | a1∨a2 = 0. Now, (4.2) implies p 2 (r i1 , . . . , r i l , r j l+1 , . . . , r jn ) a1 = 0.
Letting α 2 := α 1 − p 2 (r i1 , . . . , r i l , r j l+1 , . . . , r jn ), we have α 2a 1 = 0 = α 2a 2 . Repeating this process for a 3 , . . . , a m , where a k = Q k1 ∩ · · · ∩ Q kn for k = 1, . . . , m, we get that α ma 1 = α ma 2 = · · · = α ma m = 0, for α m = α − m k=1 p k (r k1 , . . . , r kn ). Thus α m = 0, so that α is in the image of φ. Since α ∈ W was arbitrary, φ is surjective. It remains to show that ker(φ) = J 1 . For a ∈ V, consider the map φ a : Z[y ±1 1 , . . . , y ±1 d ] → RT a which sends y i → r ia for 1 ≤ i ≤ d. We see that ker(φ a ) = J a := y j − 1 : a / ∈ Q j and clearly ker(φ) = ∩ a∈V J a . Then ∩ a∈V J a = J 1 follows from [24: Lemma 6.5]. Hence we get the induced ring homomorphismφ :
as required.
Note that one has a monomorphism of rings RT
Hom(T, S 1 ) = M , which gives an RT -algebra structure on K(Q).
Moreover, for every a k = Q k1 ∩ · · · ∩ Q kn , in V, we have the isomorphism ζ k : 
Recall from the proof of the Theorem 3.3, the bundle E(L i1 ) ⊕ · · · ⊕ E(L ir ) admits a nowhere vanishing section. Then applying γ r -operation, we obtain
This shows that the elements listed in (i) of Definition 4.5 map to zero under Ψ.
Note that, we have π * (ξ u ) Then using Lemma 4.6, similar arguments as in the proof of Theorem 3.3 show that Ψ is an isomorphism.
Some applications
As an illustration of the above results, we derive both the cohomology and K-ring of E(X), where X = X(∆) is a smooth complete toric variety (see Example 2.1). Definition 5.1. For a smooth complete fan ∆ we define the following rings. where the ideal I is generated by the following elements:
(i) X i1 · · · X ir , whenever ρ i1 , . . . , ρ ir do not generate a cone in ∆,
(2) Let R(K * (B), ∆) denote the ring
where the ideal J is generated by the following elements: (1) The cohomology ring of E(X) is isomorphic as an H * (B)-algebra to R(H * (B), ∆) under the isomorphism Φ : R(H * (B), ∆) → H * (E(X)) which sends X i to c 1 (E(L i )).
(2) The topological K-ring of E(X) is isomorphic as a K * (B)-algebra to R(K * (B), ∆) under the isomorphism Ψ :
P r o o f . We consider X as a torus manifold with locally standard T ∼ = (S 1 ) n action and orbit space the homology polytope X ≥ (see Example 2.1). We then have the principal T -bundle p : E → E/T since T is an admissible subgroup of T (i.e. T → T/T is a principal T -bundle). Note that E × T X and E × T X are homotopy equivalent, since T = T × (R ≥ ) n and (R ≥ ) n is contractible. Similarly B and E/T are homotopy equivalent. The assertions (1) and (2) 
Torus manifold bundles when X/T is not a homology polytope
In the preceeding sections we considered torus manifolds X defined in Section 2.1 with the additional assumption that X/T = Q is a homology polytope. This ensured that the cohomology ring H * (X) was generated by the degree 2 classes corresponding to the fundamental classes [V i ] of the characteristic submanifolds (see Theorem 2.7).
In this section we shall consider a torus manifold X with a locally standard action of T as defined in Section 2.1, with the exception that X/T = Q is not assumed to be a homology polytope but only face acyclic. In particular, we do not assume that the prefaces are connected. Since Q is face acyclic the cohomology ring of X satisfies the property that H odd (X) = 0 (see [5: Theorem 7.4 .46]), which in particular also implies by the universal coefficient theorem that H * (X) is torsion free and hence free of rank χ(X). Moreover, [17: Corollary 7.8] gives an explicit presentation of the ring H * (X).
Let p : E −→ B be a principal T -bundle and let E(X) := E × T X be the associated torus manifold bundle. Let B be a topological space having the homotopy type of a finite CW complex.
We then have the following theorem which gives a presentation of H * (E(X)) as a H * (B)-algebra. Theorem 6.1. Let I be the ideal in the ring R := H * (B)[x F : F a face of Q] generated by the following relations:
u, v i x Qi − c 1 (ξ u ) for u ∈ Hom(T, S 1 ) where Q i are the facets of Q, v i = Λ(Q i ) is the primitive vector in Hom(S 1 , T ) Z n which determines the circle subgroup of T fixing the characteristic submanifold V i for 1 ≤ i ≤ d, and ξ u = E × T C u is the line bundle on B associated to the character u ∈ M . Since X is omnioriented v i is well defined. (See Section 2 and Section 3). e 1 ∈ Hom(S 1 , T ) ∼ = Z 2 . Similarly the circle subgroup fixing {z 2 = 0} is given by {(1, t) : t ∈ S 1 } which corresponds to e 2 ∈ Hom(S 1 , T ) ∼ = Z 2 . Here e 1 , e 2 are the standard basis of Z 2 . Here the orbit space Q is a 2-ball with two 0-faces denoted by a and b respectively and two 1-faces denoted by G and H respectively. Thus the orbit space is not a homology polytope, but is a face-acyclic manifold with corners.
Let O(1) ).
K-ring of a torus manifold bundle
Since H odd (X) = 0 the Atiyah Hirzebruch spectral sequence with E p,q 2 = H p (X; K q (pt)) collapses at the E 2 term and converges to K p+q (X) (see [1: p. 208 ]). Moreover, since H * (X) is free abelian of rank χ(X) by [1: p. 209] we have K r (X) = 0 when r is odd and K r (X) Z m when r is even. Here m = χ(X) is also equal to the number of vertices of Q. In particular, K 0 (X) is free abelian of rank m.
Let (1 − x Qi ) − u,vi for u ∈ Hom(T, S 1 ).
We have the following conjecture on K * (E(X)) as a K * (B)-algebra. When B = pt this shall give a presentation of the K-ring of X which will generalize Sankaran's result stated in Theorem 2.8. For arbitrary B this shall generalize our Theorem 4.7 proved above. and for very valuable comments and suggestions which led to improving the text. The final section has been added taking into account the referee's suggestions. The extension of Theorem 3.3 to Theorem 6.1 was also suggested by Prof. M. Masuda in a prior email correspondence. We are grateful to him for this.
